In this paper, we take a look at the concept of secure weakly connected domination in a graph. In particular, we give necessary and sufficient conditions for the join K 1 +G to have secure weakly connected domination number equal to 1, 2 and 3, where G is a non-complete graph. Also, a connected graph was constructed with a pre-assigned order, weakly connected domination number, and secure weakly connected domination number.
Introduction
Let G = (V (G), E(G)) be a connected undirected graph. The subgraph C of G induced by C is the graph having vertex-set C and whose edge set consists of those edges of G incident with two elements of C. A graph is called connected if every two vertices are joined by a path; otherwise, it is disconnected.
A set S is a dominating set of G if for every v ∈ V (G)\S, there exists u ∈ S such that uv ∈ E(G). The domination number of G, denoted by γ(G), is the smallest cardinality of a dominating set of G. A dominating set C ⊆ V (G) is called a weakly connected dominating set of G if the subgraph C w = (N G [C], E w ) weakly induced by C is connected, where E w is the set of all edges with at least one vertex in C. The weakly connected domination number of G, denoted by γ w (G), is the smallest cardinality of a weakly connected dominating set of G.
A set S is a secure dominating set of G if S is a dominating set of G and for every u ∈ V (G)\S, there exists v ∈ S such that uv ∈ E(G) and (S\{v}) ∪ {u} is a dominating set of G. The secure domination number of G, denoted by γ s (G), is the smallest cardinality of a secure dominating set of G. A set S is a secure weakly connected dominating set of G if S is a weakly connected dominating set of G and for every u ∈ V (G)\S, there exists v ∈ S such that uv ∈ E(G) and (S\{v}) ∪ {u} is a weakly connected dominating set of G. The secure weakly connected domination number of G, denoted by γ sw (G), is the smallest cadinality of a secure weakly connected dominating set of G.
The concept of weakly connected domination is discussed in [2] [3, and [4] . Another domination parameter is the secure domination which was discussed in [1] and [5] . A combination of these two concepts give rise to a new variant of domination called secure weakly connected domination.
The join of two graphs G and H, denoted by G + H, is the graph with vertex-set V (G+H) = V (G)∪V (H) and edge-set
Some Preliminary Results
Theorem 2.2 Given integers a, b, and n with 2 ≤ a ≤ b ≤ n, there exists a connected graph G such that γ w (G) = a, γ sw (G) = b, and |V (G)| = n.
Proof : Consider the path P a = [u 1 , u 2 , ..., u a ]. Let G be a graph obtained from P a by adding the edges u i x i for i = 0, 1, 2, ..., a; adding the edges u a v j , for j = 0, 1, 2, ..., b − a and adding the vertices w 1 , w 2 , ..., w n−a−b and forming the complete graph K n−a−b+2 , where V (K n−a−b+2 ) = {w 1 , w 2 , ..., w n−a−b , u 1 , x 1 } (see Figure 1) 
.., v b−a } is a minimum secure weakly connected dominating set of G. Hence, γ w (G) = a, γ sw (G) = b, and |V (G)| = n.
Corollary 2.3
The difference γ sw − γ w can be made arbitrarily large.
Results
Remark 3.1 Let G and H be graphs. If S ⊆ V (G + H), then S is weakly connected, that is, S W is connected. Proof : Let γ sw (G) = 1 and let S = {v} be a secure weakly connected dominating set of G. Suppose G = K n . Then there exists u, w ∈ V (G) such that uw / ∈ E(G). Thus, (S\{v}) ∪ {u} = {u} does not dominate w. This is a contradiction. Therefore, G = K n .
Conversely, if G = K n , then γ sw (G) = 1. 
Proof : Suppose γ sw (K 1 + G) = 2 and let V (K 1 ) = {v}. Let S = {x, u} be a secure weakly connected dominating set of K 1 + G, where u ∈ V (G). Consider the following cases:
If u is a dominating vertex, then γ(G) = 1 and (i) holds. If u is not a dominating vertex, then
. This implies that (S\{v}) ∪ {a} = {u, a} is not a dominating set. This contradicts the assumption that S is a secure weakly connected dominating set of
is complete and (iii) holds.
Case 2. Suppose x = v. Then S ⊆ V (G). Thus, S must be a secure dominating set of G. Hence, γ s (G) ≤ |S| = 2. Since G is non-complete, γ s (G) = 1. Therefore, γ s (G) = 2.
Conversely, suppose first that γ(G) = 1. Let S = {a, b}, where a ∈ V (K 1 ) and {b} is a dominating set of G. Then S is a secure weakly connected dominating set of K 1 + G. Next, suppose that γ s (G) = 2. Let S = {u, v} be a secure dominating set of G. Then S is a secure dominating set of K 1 + G. By Remark 3.1, S is a weakly connected set of
Suppose uw ∈ E(K 1 + G). Thus, (S\{u}) ∪ {w} is a dominating set of K 1 + G since S is a secure dominating set. By Remark 3.1, S is a weakly connected set of K 1 + G. Hence, S is a secure weakly connected dominating set of
is complete. Let v ∈ V (K 1 ) and set S = {v, u}. Clearly, S is a weakly connested dominating set of
. Also, {u} is a dominating set of N G [u] ∪ {v} . Hence, (S\{v}) ∪ {w} = {u, w} is a weakly connected dominating set of K 1 + G. Therefore, S is a secure weakly connected dominating set of
Theorem 3.5 Let G be a non-complete graph and suppose γ sw (K 1 + G) = 2. Then γ sw (K 1 + G) = 3 if and only if one of the following holds:
Proof : Suppose γ sw (K 1 + G) = 3 and let V (K 1 ) = {v}. Let S = {x, y, z} be a secure weakly connected dominating set of K 1 + G. Consider the following cases: Case 1. v / ∈ S. Then x, y, z ∈ V (G). Thus, S = {x, y, z} is a secure dominating set of K 1 + G. Hence, γ s (G) ≤ |S| = 3. Since γ sw (K 1 + G) = 2, it follows from Theorem 3.4 that γ s (G) = 2. Therefore, γ s (G) = 3.
Case 2. v ∈ S, say v = x. Then y, z ∈ V (G). If y, z is a dominating set of G, then γ(G) = 2 and (i) holds. Suppose y, z is a dominating set of G. Set D = {y, z}. Then
Since S is a secure weakly connected dominating set K 1 + G, (S\{x}) ∪ {u} = {u, y, z} is a weakly connected dominating set of K 1 + G. This is a contradiction since u / ∈ N G [D]. Hence,
Conversely, let K 1 = {v} . Suppose first that γ(G) = 2. Let {x, y} be a dominating set of G. Set S = {v, x.y}. Then S is a weakly connected dominating set of K 1 + G. Let z ∈ V (K 1 + G)\S = V (G)\S. Suppose xz ∈ E(G). Then (S\{x}) ∪ {z} = {v, z, y} is a weakly connected dominating set of K 1 +G. Hence, S is a secure weakly connected dominating set of K 1 +G. Thus, γ sw (K 1 +G) ≤ |S| = 3. Since γ sw (K 1 +G) = 2, we have γ sw (K 1 +G) = 3. Next, suppose γ s (G) = 3. Let S = {r, s, t} be a secure dominating set of G. Then S is a secure dominating set of K 1 + G. Clearly, S is a weakly connected dominating set of K 1 + G. Thus, S is a secure weakly connected dominating set of K 1 + G and hence, γ sw (K 1 + G) = 3. Finally, suppose there exists D ⊆ V (G) with |D| = 2 such that V (G)\N G [D] is complete. Let D = {a, b} and set S = {v, a.b}. Then S is a weakly connected dominating set of K 1 + G. Let c ∈ V (K 1 + G)\S. since cv ∈ E(K 1 + G), (S\{v}) ∪ {c} = {a.b.c} is a weakly connected dominating set of K 1 + G since c dominates V (G)\N G [D] . Therefore, γ sw (K 1 + G) = 3.
